Introduction
Mathematical knee-joint models have been used to obtain a better understanding of the complicated mechanical behavior of the substructures, which comprise the human musculoskeletal system including the knee joint. Three survey papers ͓1-3͔ have appeared during the last decade to review mathematical knee models, which can be classified into either phenomenological or anatomical based models. The later models are more sophisticated and are used to study the behavior of particular structures comprising the human knee. Most of the three-dimensional anatomical based models that were developed to study knee behavior were static or quasistatic, and therefore did not predict the effects of dynamic inertial loads, which occur in many locomotor activities ͓4 -14͔. To the best of our knowledge, the model developed by Abdel-Rahman and Hefzy ͓15͔ is the only three-dimensional anatomical dynamic model of the knee joint available in the literature. However, Abdel-Rahman and Hefzy's model did not include the patello-femoral joint, nor did it account for deformation of the articular surfaces. The only anatomical dynamic models that include both tibio-femoral and patello-femoral joints are twodimensional ͑Tumer and Engin ͓16͔ and Ling et al. ͓17͔͒. The current-state-of-the-art for dynamic knee models differs slightly than that presented in the review conducted by Hefzy and Cooke
͓3͔, and can be summarized as follows: ''A single 3-D anatomical dynamic model that includes both tibio-femoral and patellofemoral joints does not yet exist.''
Anatomical based models require an accurate description of the articular surfaces in order to solve the contact problem. Since the dynamic model we propose to develop is by itself an elaborate and computationally demanding model, we will use a simplified contact theory to model the deformable contact at the articular surfaces ͓18 -20͔. In this simplified theory, the normal stress between two contacting surfaces is proportional to the shortest penetration distance between these two surfaces.
In this work, we present for the first time the 3-D dynamic response of the knee joint using an anatomical based model that includes three body segments involving both tibio-femoral and patello-femoral joints. The model allows for deformable contact at the articular surfaces and allows for the wrapping of the quadriceps tendon around the femur, which occurs at large flexion angles. Model equations consist of twelve nonlinear second-order ordinary differential equations coupled with nonlinear algebraic constraint equations. To solve this system of equations, the second-order differential equations were transformed into a system of first-order differential equations and then were combined with the algebraic equations to produce a system of Differential Algebraic Equations ͑DAE͒. The DAE system is solved by using a DAE solver, namely the D គ ifferential/A គ lgebraic S គ ystem S គ ol គver ͑DASSL͒ developed at Lawrence Livermore National Laboratory. Model calculations are performed to simulate the knee extension exercise, a commonly prescribed rehabilitation regimen ͓21͔. Nonlinear quadriceps forcing functions with different characteristics were obtained from the experimental data available in the literature ͓22͔ and used as input to the model. Results are reported to describe the knee response including tibio-femoral and patellofemoral motions and contact forces and anterior and posterior cruciate ligament forces. A comparison of model predictions with related data available in the literature is then presented.
Model Formulation
1 Kinematic Analysis. Three local coordinate systems of axes were identified on the fixed femur and moving tibia and patella as shown in Fig. 1 . The tibial and patellar systems were centroidal principal systems of axes, (y 1 T ,y 2 T ,y 3 T ) and (y 1 P ,y 2 P ,y 3 P ), respectively; both of them were parallel to the femoral coordinate system at full extension. The femoral x 1 axis, having i ᠬ as a unit vector along it, was directed medially for a left knee and laterally for a right knee, and the femoral x 2 and x 3 axes were directed anteriorly and proximally, respectively. The twelve degrees of freedom describing the tibio-femoral joint ͑TFJ͒ and the patello-femoral joint ͑PFJ͒ motions were defined using two joint coordinate systems ͓11,15,23͔, and include 3 rotations and 3 translations for each of the tibial and patellar moving systems. The TFJ ( i ᠬ ,e ᠬ 2 T ,k ᠬ T ) and the PFJ ( i ᠬ ,e ᠬ 2 P ,k ᠬ P ) coordinate systems are identified in Fig. 1 ; k ᠬ T and k ᠬ P are two unit vectors along the tibial y 3 T and patellar y 3 P local axes, respectively. The position vectors of any point on body ␥ ͓for tibia: ␥ϭT and for patella: ␥ϭP] with respect to the femoral coordinate system and the local body coordinate system, R ᠬ ␥ (X 1 ␥ ,X 2 ␥ ,X 3 ␥ ) and
, respectively, are related according to the following transformation:
where
is the position vector of the origin of the ␥ th body coordinate system with respect to the femoral coordinate system. Equation ͑1͒ is written using tensor notation in the following form: i, jϭ1,2,3 , and the (3ϫ3) rotational matrix ͓R ␥ ͔ that describes the orientation of the ␥ th body with respect to the femoral coordinate system is given as:
The rotation vectors, ᠬ T and ᠬ P describing the orientation of the tibia and patella, respectively, with respect to the femoral coordinate system are thus written as:
where ␣ 1 T ͑knee flexion͒, ␣ 3 T ͑tibial internal rotation͒, ␣ 2 T ϭ(/2 ϮAbduction), ␣ 1 P ͑patellar flexion͒, ␣ 3 P ͑lateral patellar tilt͒ and ␣ 2 P ϭ(/2ϮPatellar lateral rotation); a positive sign is used for the right knee and a negative sign for a left knee ͓11,15,23͔. The relative locations of tibia and patella with respect to the femur, at any position are thus described by y, a vector of dimension (n ϭ12) consisting of twelve independent kinematic parameters
2 Mathematical Representation of the Articular Surfaces. The articular surfaces of the distal femur and the posterior patella, along with the planar tibial plateaus were mathematically represented using Coons' parametric bicubic surface patches as shown in Fig. 2 . The cartesian coordinates of any point on a surface patch are expressed as bicubic functions of two local parametric coordinates, w 1 and w 2 , in the range of 0 to 1 over the patch. These functions were determined in terms of the coordinates of the corner points, which were obtained by digitizing a cadaveric specimen. Details of this mathematical procedure are given by Hefzy and Yang ͓11͔.
Joint Loads
Quadriceps Tendon Force. Two cases were considered in the analysis to allow for the wrapping ͑Fig. 3a͒ and nonwrapping ͑Figs. 2 and 3b͒ of the quadriceps tendon around the femur. For the non-wrapping case, the direction of quadriceps tendon force was assumed parallel to a line of length L q , joining the patellar basis, point b, and the attachment of the quadriceps muscle, point q. The components of the quadriceps force expressed in the femoral system, F i q , iϭ1,2,3, can thus be written in terms of the six kinematic parameters describing PFJ motions as follows:
where F q is the magnitude of the quadriceps tendon force,
are the femoral components of the position vector of point q with respect to point b, and X i q and x j b are the components of the local coordinates of points q and b, respectively.
Wrapping occurs at large flexion angles, normally greater than 70°of knee flexion as shown in Fig. 3a . In this situation, the direction of the quadriceps force was assumed parallel to a line of length L w , joining the patellar basis, point b, and the most distal femoral point where wrapping occurs, point w, as shown in Fig.  3a . The components of the quadriceps force are then expressed as:
are the femoral components of the position vector of point w with respect to point b, and X i w are the femoral coordinates of point w. Since point w is a point on a femoral patch, its cartesian coordinates, X i w , are bicubic functions of its two parametric coordinates, w 1 w and w 2 w . To specify point w, two conditions are imposed. First, the plane containing the points q, b and w is assumed parallel to the femoral x 2 axis. Using the scalar triple product this condition is expressed as:
where i2k is the alternating tensor. Second, the line L w ͑the direction of quadriceps force acting on patella͒ must be tangent to the femoral surface. This condition is expressed mathematically as:
where N i f are the femoral components of unit vector normal to the femoral patch at point w.
The components of the moment vector of the quadriceps force around the centroid of the patella, M i q , are expressed for both nonwrapping and wrapping cases as follows:
where F k q are given by Eq. ͑5͒ or ͑6͒, and x i j b are the components of the antisymmetric tensor ͓x b ͔ of the local position vector of the patellar basis whose components are x j b .
Contact Loads. Friction forces were neglected because of the extremely low coefficient of friction of the articular surfaces ͓24͔, and a simplified model was used to allow for a deformable contact at the articulating surfaces of both TFJ and PFJ ͓18͔. While the subchondral bone was assumed to be rigid, the articulating cartilage was considered to be a thin layer of isotropic and linearelastic material. The normal stress, , between two contacting patches located on the moving and fixed surfaces was expressed as ϭKu, where u is the penetration, i.e. the total deformation ͑of both patches͒ at a contacting point in a direction perpendicular to the moving surface. The contact stiffness, K, was calculated as Kϭ͕͓(1Ϫ)E͔/͓(1ϩ)(1Ϫ2)t͔͖ where E, and t are the elastic modulus, Poisson's ratio and the thickness of the contacting cartilage layers. By assuming Eϭ5 MPa, ϭ0.45 and tϭ2 mm ͓18͔, the contact stiffness was calculated as Kϭ5 N/mm 3 . In this analysis, a uniform stress distribution over each patch was assumed.
An iterative procedure was employed to determine all pairs of contacting patches. Each pair consisted of a source patch located either on tibia or patella and a target patch located on femur. The penetration distance, u, was calculated as the projection of a line ST onto the normal to the source patch from its center, point S. Point T, the target point, was identified as the point of intersection of a line drawn from point S, and parallel to a specified preferred direction, with the target patch. To calculate TF and PF penetrations, the preferred direction was assumed parallel to the y 3 T tibial axis and the y 2 P patellar axis, respectively. Accordingly, the femoral coordinates of point T were calculated using the following two relations: Transactions of the ASME
where i jk is the alternating tensor, N i d are the femoral components of a unit vector parallel to the preferred direction, and X i T and X i S are the femoral coordinates of point T and S, respectively. In this iterative procedure, the coordinates of point S are known. Using the parametric nonlinear equations of the target patches, Eqs. ͑10͒ become a nonlinear algebraic system in two unknowns: the parametric coordinates of the target point, w 1 T and w 2 T . The penetration distance between two patches is then calculated using the following relation:
where N i are the femoral components of the outward unit vector normal to the source patch at its center. If u is positive, no contact occurs. The components of the total TF and PF contact forces, F i ct and F i cp , respectively, are expressed as:
where the subscript m refers to the mth source contacting patch, A and are the patch area and the patch normal contact stress, respectively, and M 1 and M 2 are the total numbers of the tibial and patellar contacting patches, respectively; superscripts ct and cp refer to c គontacting t គibial patches within the TFJ and c គontacting p គ atellar patches within the PFJ, respectively. The components of the total moment vectors of the tibial and patellar contact forces around the tibial and patellar centroids, respectively, are expressed as follows:
where x i j are the components of the antisymmetric tensor of the local position vector of point S of the m th contacting patch described by its components x i . Equations ͑10͒-͑13͒ show that the contacting forces and their moments are expressed in terms of the twelve kinematic parameters describing TFJ and PFJ motions, and the parametric coordinates of the target points located on the femoral patches that are in contact with either the tibia or the patella.
Ligamentous Forces. Along with the posterior capsule, the lateral and medial collaterals, and the anterior and posterior cruciates were modeled as shown in Fig. 2 . Using 12 discrete fiber bundles, these ligamentous structures were represented using nonlinear spring elements whose force-elongation relationships included quadratic and linear regions ͓15,18͔ as follows:
n , L n and L 0 n are the strain, the stiffness coefficients for the quadratic and linear regions, and the current length and slack length of the n th element, respectively. The linear range threshold was specified as 0 ϭ0.03. The coordinates of the ligamentous insertion points, the different slack lengths and the stiffness coefficients were obtained using Abdel-Rahman and Hefzy's data ͓15͔. The components of the resultant of the ligamentous forces acting on the tibia, F i ᐉ , expressed in the femoral coordinate system are written as:
and the components of the resultant moment about the tibial center of mass of the ligamentous forces, M i ᐉ , expressed in the tibial coordinate system are expressed as follows:
where L i n are the femoral components of the position vector of the n th ligamentous structure's femoral insertion with respect to its tibial insertion point and expressed as:
where X i n and x j Ј n are the local coordinates of the femoral and tibial insertion points, respectively, and x i j Ј n are the components of the antisymmetric tensor of the local position vector of the tibial insertion of the n th ligamentous structure. Equations ͑15͒, ͑16͒ and ͑17͒ show that F i ᐉ and M i ᐉ are explicitly written as functions of the six tibial kinematic parameters.
Patellar Ligament Force. Connecting the tibial tuberosity, point t of local coordinates x j t , to the patellar apex, point a of local coordinates x j a , the patellar ligament is modeled as a linear spring whose tensile force is expressed as:
where k p , L p and L 0 p are the stiffness, the current length and the slack length of the patellar ligament. The stiffness k p was assumed to have a value of 200 N/mm ͓25͔, and the slack length L 0 p was specified to allow a ratio of 0.6 between the patellar ligament force and the quadriceps force at 90°of flexion ͓11͔. The femoral components L i p of the position vector of point a with respect to point t are expressed as:
The components of the patellar ligament force acting on the tibia and the patella, F i pt and F i pp , respectively, with respect to the femoral coordinate system, are then written as;
Also, the components of the moments of the patellar ligament force around the tibial and the patellar centroids, expressed in the corresponding local coordinate system are written as
where x i j t and x i j a are the components of the antisymmetric tensors of the local position vectors of the tibial tuberosity and the patellar apex. Equations ͑18͒-͑21͒ indicate that the patellar ligament force and its moments around the patellar and tibial centroids are explicitly written in terms of the local coordinates of points t and a, and the twelve motion parameters, x i T and ␣ i T , and x i P and ␣ i P , describing PFJ and TFJ motions, respectively. 4 Equations of Motion. Three Newton and three Euler equations are written for each of the moving tibia and patella, resulting in a system of 12 differential equations of the second order that describes patello-femoral and tibio-femoral motions. Newton equations are written with respect to the fixed femoral coordinate system of axes as ͑superscript T for tibia and P for patella͒:
where ẍ i T and ẍ i P are the components of the accelerations of the tibial and patellar centers of masses, respectively, with respect to the fixed femoral coordinate system; (m T ,W i T ) and (m P ,W i P ) are the masses and weights' components of the tibia and the patella, respectively; F i ct , F i pt and F i ᐉ are the components of total TFJ contact force, the patellar ligament force and the resultant of the ligamentous forces, respectively, all acting on the tibia; F i cp , F i pp and F i q are the components of the total PFJ contact force, the patellar ligament force and the quadriceps force, respectively: all acting on the patella.
Euler equations are written in terms of the local tibial and patellar centroidal principal coordinate systems, (y 1 T ,y 2 T ,y 3 T ) and (y 1 P ,y 2 P ,y 3 P ), respectively. Using tensor notation, the components of the tibial and patellar angular velocities and angular accelerations vectors, denoted by i Ј ␥ and i Ј ␥ , respectively (␥ϭT for tibia and ␥ϭP for patella͒, are expressed, with respect to the respective local principal system of axes as follows:
where U jk,m ␥ ϭ‫ץ‬U jk ␥ ‫␣ץ/‬ m ␥ and U i j ␥ are the components of a transformation matrix ͓U ␥ ͔ which are defined using the nomenclature of Eq. ͑2͒ as:
Euler equations of motion are thus written as:
where i jk is the alternating tensor; M i ct , M i pt , M i ᐉ are the tibial components of the moments about the tibial center of mass of the TFJ contact force, the patellar ligament force and all ligamentous forces, respectively; M i cp , M i pp and M i q are the patellar components of the moments about the patellar center of mass of the PFJ contact forces, the patellar ligament force, and the quadriceps force, respectively; I i T and I i P are the principal moments of inertia of the leg and patella about their respective centroidal principal axes, respectively. The inertial tibial parameters were specified according to the anthropometric data available in the literature ͓15͔ as m T ϭ4.0 kg, I 1 T ϭ0.0672 kg m 2 , I 2 T ϭ0.0672 kg m 2 and I 3 T ϭ0.005334 kg m 2 . The inertial patellar parameters were assumed as follows: m P ϭ0.1 kg, I 1 P ϭ0.000015625 kg m 2 , I 2 P ϭ0.00003125 kg m 2 and I 3 P ϭ0.000015625 kg m 2 . Two cases have been identified: wrapping and non-wrapping of the quadriceps tendon around the femur. In the non-wrapping situation, the system of equations to be solved consists of 12 nonlinear second-order differential equations ͑Eqs. ͑22͒, ͑23͒, ͑27͒, ͑28͒ and k 1 nonlinear algebraic equations in (12ϩk 1 ) unknowns where k 1 ϭ2 (M 1 ϩM 2 ) and M 1 and M 2 are the numbers of the tibial and patellar contacting patches, respectively; for each contacting patch, there are two nonlinear algebraic constraints given by Eq. ͑10͒. The unknowns in this DAE system of (12ϩk 1 ) equations are the 12 kinematic parameters defined in Eq. ͑4͒ and (M 1 ϩM 2 ) pairs of parametric coordinates (w 1 T ,w 2 T ) defining the target points on the femoral patches that are in contact with the tibia and patella. This DAE system consists thus of 12 nonlinear differential equations F(y,ẏ,ÿ,w,t)ϭ0 that can be decomposed into two parts as follows:
F͑y,ẏ,ÿ,w,t ͒ϭF ͑ y,ẏ,ÿ,t ͒ϩF ͑ y,w͒ϭ0
and k 1 nonlinear algebraic constraints G(y,w)ϭ0 where y is a vector of dimension 12 containing the 12 kinematic parameters ͓see Eq. 4͔, and w is a vector of dimension k 1 containing the unknown parametric coordinates defining contact. In Eq. ͑29͒ ẏ ϭdy/dt and ÿϭdẏ/dt. In the wrapping situation, two additional nonlinear algebraic equations ͓Eqs. ͑7͒ and ͑8͔͒ are added to the DAE system. The corresponding two additional unknowns are the parametric coordinates of the most distal point on the femur where wrapping of the quadriceps tendon occurs, (w 1 w ,w 2 w ).
Solution Algorithm
The second-order DAE system is transformed to a first-order system by relating joint motions ͑kinematic parameters͒ to their velocities ( i ␥ , i ␥ ), iϭ1,2,3. The resulting DAE system contains 24 first-order ordinary differential equations and k 1 nonlinear algebraic constraints ͓k 1 ϭ2(M 1 ϩM 2 ) for non-wrapping situation and k 1 ϭ2(M 1 ϩM 2 ϩ1) for the wrapping situation͔, and can be written as:
F͑y,ẏ,w,t ͒ϭF ͑ y,ẏ,t ͒ϩF ͑ y,w͒ϭ0 ͓24 equations͔ (30a)
where y is a vector of dimension 24 containing the 12 kinematic parameters and their velocities. Functions F (y,w) represent the contribution of the contact forces ͑and the quadriceps force in the wrapping situation͒ to the equations of motion. In order to solve the DAE system the time span is divided into time steps. At each time station, t nϩ1 , components of ẏ nϩ1 are approximated in terms of y nϩ1 and y at previous time steps using a Backward Differentiation Formula ͑BDF͒. The DAE system, defined in Eqs. ͑30a͒ and ͑30b͒, is thus transformed to the nonlinear algebraic system:
A solution of the resulting system for y nϩ1 and w nϩ1 is thus obtained evaluating iteratively y nϩ1 (mϩ1) and w nϩ1 (mϩ1) in two steps.
First, w nϩ1 (m) are calculated by solving the following system of equations:
using the Newton-Raphson iteration method. Next, y nϩ1 (mϩ1) , the approximation of y nϩ1 in the (mϩ1)th iteration of a modified differential form of the Newton-Raphson method, is calculated using the following relation:
where F is defined by Eq. ͑31a͒, ͓K͔ is defined as ͓26͔:
and b and c are two constants that change with the step size and order of BDF to speed up the rate of convergence.
The D គ ifferential/A គ lgebraic S គ ystem S គ olver ͑DASSL͒, developed by Petzold ͓27͔, was used to solve the DAE system given by Eqs. ͑30a͒. This solver uses a Predictor-Corrector algorithm where starting at time station t n , a predictor polynomial extrapolates the values of y nϩ1 (0) and ẏ nϩ1 (0) at time station t nϩ1 based on the values of y at earlier time stations. Then a corrector utilizes a BDF to transform ͑30a͒ into ͑31a͒. Input to the DASSL includes the initial and final times, t o and t F , respectively, and the initial values of y, w and ẏ. These values satisfy the DAE system ͑Eqs. 30͒ at time tϭt 0 . This was done by assuming initial values of y at time t ϭt 0 , and calculating the initial values of w and ẏ by solving Eqs. ͑30a͒ and ͑30b͒. User-supplied sub-routines evaluate the load vector F(y,ẏ,w,t) and the stiffness matrix ͓K(y,ẏ,w,t)͔. The stiffness matrix ͓K͔ is divided into two parts:
͓K͑ y,ẏ,w,t ͔͒ϭ͓K ͑ y,ẏ,t ͔͒ϩ͓K ͑ y,w͔͒
The stiffness matrix ͓K ͔, which does not depend on w, was calculated using Eq. ͑34͒ employing closed-form analytical expressions. On the other hand, the stiffness matrix ͓K ͔, which depends on w but does not depend on ẏ, was determined by approximating the partial derivatives using a backward differentiation formula as follows:
where the vector w is found by solving G yϪ(⌬y j )e j ,w ϭ0 and e j is the j th unit vector of dimension nϭ24, which is expressed as e j ϭ(0,0, . . . ,0,1,0, . . . 0).
Model Calculations
In a test situation a forcing function was applied to simulate a knee extension exercise activity. This dynamic loading was applied to the patella through the quadriceps tendon causing the tibia and patella to undergo 3-D motions while the femur was fixed in a horizontal position. The forcing functions, shown in Fig. 4 , were specified according to Grood et al.' s experimental data ͓22͔ where the quadriceps force was measured during knee extension. Grood et al. ͓22͔ reported that this force had a constant average value of 200 N in the range of 10 to 50 deg of knee flexion. This force reached 345 N at full extension, and was 75 N at 90 deg. In the analysis, this forcing function will be referred to as the 200 N quadriceps force. Two other forcing functions with a similar pattern were employed to simulate higher levels of quadriceps contractions: 400 N and 600 N quadriceps forces. The 400 N and 600 N quadriceps forcing functions were specified such that they had a value of 75 N at 90 deg that increased to 400 N and 600 N, respectively, as the knee extended to 50 deg remained constant until 10°, and increased to 530 N and 735 N, respectively, at full extension.
In this simulation, the tibia and the patella were assumed to begin their motions from rest. The initial position is depicted in Fig. 3a and was defined according to the experimental data available in the literature data ͓10,11,13͔ by specifying the following Figure 3b shows the predicted final position when the 200 N quadriceps forcing function was used. Figures 3a and 3b show that with knee extension, the tibia rotated externally ͑the ''screw home mechanism''͒ which provides verification for the dynamic simulation. Additional model validation is obtained by studying the changes in the predicted positions of the TF and PF contact with extension. Figures  3a and 3b show that as the knee was extended, the location of the TF contact moved posteriorly on the medial tibial plateau and anteriorly on the lateral plateau, which reflects an internal rotation of the femur with respect to the tibia ͑an external rotation of the tibia with respect to the femur͒. Also, and as expected, the location of the TF contact on the femur moved distally on the condyles. These figures also show that as the knee was extended, the PF contact area moved proximally on the femur. It was also found, as shown in Figs. 2 and 3b , that the PF contact moved distally on the patella with knee extension. Fig. 5 shows that the duration of the knee extension exercise decreases as the level of the quadriceps forcing function increases, which also verifies the dynamic analysis. Figure 6 shows that as the tibia was extended from 90°to full extension, it underwent an average of 18.5 deg of external rotation and 4 deg of valgus rotation ͑abduction͒. ''Patellar lagging,'' which occurs with knee flexion, was also predicted as shown in Fig. 7 . Figure 8 shows that the medial component of the TF contact force was larger than the lateral component for all tested situations. This figure also shows that the medial component of the TF contact force doubled during the last 30 deg of knee extension, reaching a maximum at full extension. Figure 9 shows that the lateral component of the PF contact force was much larger than its medial component for all tested conditions. Both medial and lateral components of the PF contact force had their largest values in the range of 45 to 60 deg of knee flexion. Figure 10 shows that as the knee was extended from the 90 deg position to around 35 deg of flexion, the tension in the ACL was greatest in its anterior fibers. As the flexion angle decreased, this tension decreased while tension in the posterior fibers increased and became dominant. Figure 11 shows that the anterior fibers of the PCL carried large forces as the knee was in a flexed position. These forces decreased as the knee was extended. The posterior fibers of the PCL were in tension in the last 10 deg of knee extension. At full extension, the forces in the posterior fibers were greater than those in the anterior fibers, but much smaller than the large forces that were found in the anterior fibers near 90 deg of flexion.
Discussion and Conclusions
A review of the literature reveals that most of the published anatomically based dynamic knee models are 2-D ͓1-3͔. AbdelRahman and Hefzy's ͓15͔ model is the only anatomical model available in the literature that predicts the three-dimensional dynamic response of the joint under impact loads. Yet, this model was limited in that it was only for the tibio-femoral joint, assumed a rigid contact formulation, and used a spherical representation for the femoral articular surfaces. In this paper, a three-dimensional anatomically based dynamic model of the knee that includes both tibio-femoral ͑TF͒ and patello-femoral ͑PF͒ joints is presented. The model allows for deformable contact and for a piecewise mathematical representation of the femoral articular surfaces. The model also allows for wrapping of the quadriceps tendon around the femur that occurs at large flexion angles.
The system of equations forming anatomically based dynamic models is a system of Differential-Algebraic Equations ͑DAE͒. Several techniques have been proposed to solve the DAE system that describes the dynamic response of the knee ͓3͔. Most of these techniques were limited in that they could not solve the complicated DAE system that represents the three-dimensional situation. In this paper, the D គ ifferential/A គ lgebraic S គ ystem S គ ol គver, DASSL ͑developed at Lawrence Livermore National Laboratory͒, was used to solve the complex DAE system to obtain the threedimensional response of the TF and PF joints under dynamic loading. In order to use this solver, user-supplied subroutines were developed to evaluate the stiffness matrix of the system. Closedform analytical expressions were written in terms of the kinematic parameters to determine the contributions of the ligamentous and patellar tendon forces, and the quadriceps force in the nonwrapping situation to the stiffness matrix. On the other hand, the contributions of the contact forces and the quadriceps force in the wrapping situation to the stiffness matrix were determined numerically using backward differentiation formulas.
The dynamic response of the knee joint is much different from the static response ͓28͔. Hence, it is hard to compare the present model predictions with similar data reported elsewhere because almost all of the data available in the literature that describes the behavior of the human knee joint are static or quasi-static in nature. In the following, and within these qualifications, model predictions will be discussed and compared with those available in the literature.
The tested condition was used to simulate the knee extension exercise, a common rehabilitation regimen ͓21͔. The forcing functions applied to the quadriceps tendon were specified according to the experimental data available in the literature that quantify quadriceps forces during a knee extension exercise ͓22͔.
The classic ''screw-home'' pattern described by many investigators ͓29͔ was observed from model predictions. As the knee was extended from 90 deg of flexion to full extension, the tibia rotated externally an average of 18.5 deg. This predicted amount of external rotations is consistent with the experimental values reported in the literature ͑10 deg by Shoemaker et al. ͓29͔, 14 .5 deg by Biden et al. ͓30͔, 20 deg by FitzPatrick ͓31͔, and a range of 14 to 36 deg by Wilson et al. ͓32͔͒ . Model calculations also show that as the knee was extended from 90 deg to about 55 deg of flexion, it did not rotate either in valgus or in varus. As the flexion angle further decreased, the tibia went into valgus ͑abduction͒. The dynamic simulation indicated that the tibia was ab-ducted an average of 5 deg as the knee was extended from 55 deg of flexion to full extension. These results are consistent with those reported by Wilson et al. ͓32͔ where the authors used two testing conditions ͑fixed tibia and fixed femur͒ and 13 knees to describe the knee movements that are coupled with passive knee flexion ͑no internal-external torques, no varus-valgus torques, no anteriorposterior loads͒. They reported that as the knee was extended and flexed from a 50 deg of flexion position, it was ab-ducted and ad-ducted on average 5 deg and 1 deg, respectively. They also reported that when the femur was fixed ͑similar to our numerical simulation͒, the knee was neither abducted nor adducted as it was flexed from 50 deg to 90 deg of flexion, and was abducted 5 deg as it was extended from 50 to 0 deg of flexion, which is consistent with our model predictions.
Model calculations have also shown that the anterior and posterior fibers of both anterior cruciate ligament ͑ACL͒ and posterior cruciate ligament ͑PCL͒ had opposite force patterns. The posterior fibers of the ACL were slack in the range of 90 to 60 deg of flexion, and tightened progressively as the knee was extended, reaching a maximum at 0 deg of knee flexion. The anterior fibers of the ACL were most taut at 90 deg; the tension decreased as the knee was extended. The forces in the anterior fibers of the PCL were large at 90 deg of flexion, increased slightly with knee extension to a maximum around 75 deg, and then decreased progressively until they vanished at 0 deg. On the contrary, the forces in the posterior fibers of the PCL were much smaller: they vanished in the range of 90 to 30 deg and then increased slightly to reach a maximum at 0 deg. These results are in agreement with those reported in the literature to describe the function of the anterior and posterior fibers of both ACL and PCL ͓33-36͔.
Model calculations also show that the total force in the ACL ͑anterior and posterior bundles͒ reaches a maximum at full extension during the knee extension exercise. At this position, the force in the PCL is comparatively small, which indicates that the ACL carries a larger total force than the PCL at full extension during a knee extension exercise. Also, and in the range of 75 to 90 deg of knee flexion, the forces in the anterior fibers of the PCL ͑which are maximum͒ are greater than the forces in the anterior fibers of the ACL ͑which are also maximum͒. The posterior fibers of the PCL and the posterior fibers of the ACL do not carry a load in the range of 75 to 90 deg of flexion. These data thus indicate that the total force in the PCL is larger than the total force in the ACL in the range of 75 to 90 deg of flexion. These results are in agreement with Wilk et al.'s data ͓37͔ reporting that maximum posterior and anterior tibio-femoral shear forces occurred around 90 and 0 deg of flexion, respectively. This is in agreement with our model calculations since posterior and anterior tibio-femoral shear forces are resisted by the PCL and ACL, respectively. Also, our model calculations have shown that the maximum forces carried by the ACL at full extension are larger than the maximum forces carried by the PCL near 90 deg of flexion. These findings are consistent with other investigators' data reporting that the greatest amount of tibial displacement occurs within the last 30 deg of knee extension during knee extension exercise ͓22,37-39͔.
It was also found that the medial component of the tibiofemoral contact force was always larger than the lateral component. It is hard to compare these results with those available in the literature since, and to the best of our knowledge, no data has been reported to compare the medial and lateral components of the tibio-femoral contact force during knee extension exercise. Nevertheless, it has been reported that the medial condyle carries more load than the lateral condyle during a closed chain exercise ͓40-42͔.
Model calculations also show that the ratio of the total patellofemoral ͑PF͒ contact force to the quadriceps force decreased from nearly 1.1 at 80 deg to 0.45 near full extension as shown in Fig.  12 . This is in agreement with other model predictions and with Figure  12 shows that the present model predictions are more in agreement with Ahmed et al.'s ͓45͔ in vitro study than that of Buff et al. ͓46͔ .
Model calculations also show that the component of the PF contact force on the lateral side is always greater than the component on the medial side. These results are in agreement with those obtained from the 3-D static models developed by Hefzy and Yang ͓11͔ and Hirokawa ͓14͔ who has also reported larger contact forces on the lateral side. Also, our model calculations are in agreement with the experimental data available in the literature describing patello-femoral contact. The present results indicate that the contact area on the lateral patellar facet is larger than that on the medial facet at all flexion angles ͑this is because contact forces are based on contact areas in the present model͒. This is in agreement with Hille et al. ͓47͔, Hefzy et al. ͓48͔, and Hehne et al. ͓49͔ who have reported larger contact areas on the lateral side. Model calculations have also shown that with knee extension, the location of the PF contact moves proximally on the femur and distally on the patella. These results are in agreement with those reported in the literature describing the locations of the PF contact areas ͓Hefzy and Yang ͓11͔, Hefzy et al. ͓48͔͒.
Our model calculations also indicate that the pattern that describes how the patello-femoral ͑PF͒ contact forces changes with knee flexion depends on the level of quadriceps activation. For large quadriceps forces, the PF contact forces decrease as the knee is extended from 60 deg to full extension. For small quadriceps forces, the PF contact forces remain nearly constant in this range of motion. These data are in agreement with those reported in the literature by Cohen et al. These results suggest that 3-D anatomically based dynamic models of the human musculoskeletal joints are a versatile tool to study the internal forces in these joints. These models are more useful than those less sophisticated quasi-static models, because they can account for the dynamic effects of the external loads. However, the formulation of these dynamic models is critical when it comes to obtaining a solution. The simpler 3-D dynamic model that accounts only for the tibio-femoral joint could not be solved using Moeinzadeh et al.'s formulation ͓52͔. In the formulation presented here, all coordinates of the ligamentous attachment sites were dependent variables that were expressed in terms of the independent kinematic parameters. In addition, these independent kinematic parameters that describe tibio-femoral and patello-femoral motions were used to formulate the wrapping of the quadriceps tendon around the femoral surface and to model the deformable contact at the articular surfaces. As a result, it is possible to introduce more ligaments, to split each ligament into several fiber bundles, to model the wrapping of the quadriceps around the femur that occurs at large flexion angles, and to allow for more or fewer surface patches, as appropriate, to come into contact. This formulation allowed the solution of this intricate 3-D dynamic model.
The present 3-D model can be used to analyze knee response to dynamically applied load, which has particular application to injury mechanics. Since most injuries to the knee involve dynamic loads, this model, which accounts for the inertial effects of those dynamic forces, will provide a valuable tool to study the underlying mechanisms for these injuries. In this model, the menisci were not included and the definition of the tibial articular surfaces was not considered. No distinction was made between the medial and lateral tibial articular surfaces. However, further developments of incorporating the menisci, differentiating between the medial and lateral articular surface geometry, particularly in terms of posterior slope and medio-lateral inclination, and modeling muscular cocontractions will allow the model to be used to study daily living activities where dynamic axial compressive forces act on the joint as in walking and running.
